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Abstract

This paper provides two variations of the mixture space theorem of Herstein
and Milnor (1953). The first replaces the reduction of compound mixtures
property with associativity, giving rise to procedural mixture sets in which
mixing an element with itself need not return an equivalent element. The
second retains standard mixture sets but weakens independence to disjoint in-
dependence, restricting it to mixtures whose components have disjoint support.
In both cases, the standard axioms of weak order, continuity, and (disjoint)
independence yield a mixture entropy representation that contains the Shan-
non or Tsallis entropy of the mixture weights as a component. We apply the
first result to event splitting effects in decisions under risk and the second to
deliberate randomization.

Keyworps: Decision theory, procedural value, mixture sets, entropy, reduction

of compound mixtures, associativity

*Graduate School of Economics, Hitotsubashi University, 2-1 Naka, Kunitachi, Tokyo 186-0004,
and Waseda Institute for Advanced Study, 1-104 Totsukamachi, Shinjuku City, Tokyo 169-8o50;
hendrik.r@r.hit-u.ac.jp. Jaffray Lecture at Risk, Uncertainty, and Decision 2024. Many thanks to
participants at the Society for the Advancement of Economic Theory conference 2019 and Risk,
Uncertainty, and Decision Conference 2024, seminar participants at Erasmus Universiteit Rotterdam
and Waseda University and Chun-ting Chen, Soo Hong Chew, Patrick DeJarnette, Takashi Ui,
coeditor Mira Frick, and three anonymous referees for helpful comments.



1 INTRODUCTION

The mixture set theorem of Herstein and Milnor (1953) is a foundational result
in decision theory. Mixture sets are sets endowed with a commutative mixture
operator for which zero-weight mixtures do not matter (a property termed con-
nectedness) and compound mixtures containing identical elements can be reduced
by coalescing the identical elements. The theorem states that a preference relation
over a mixture set satisfies weak order, continuity, and independence if and only if
it admits a utility representation that is linear in mixture weights. The theorem is
frequently invoked for preferences over lotteries, Anscombe-Aumann acts, and
menus to generate expected-utility-like representations. The present paper pro-
vides two variations of the mixture set theorem. In both, the entropy measures of
Shannon (1948) and Tsallis (1988) appear as a component of the representation.

The first result (Theorem 1) replaces the reduction of compound mixtures
property with associativity of the mixture operation. Reduction of compound
mixtures is implied by associativity together with coalescing, the requirement that
pa @ (1 —pu)a = a. We call sets satisfying connectedness, commutativity, and
associativity—but not necessarily coalescing—procedural mixture sets. The failure
of coalescing means that the mixing operation can have intrinsic value: mixing an
element with itself need not return an equivalent element.

Examples of procedural mixture sets are lotteries presented to decision makers
in split form and Markov chains. These have in common that their elements
combine naturally under a mixture operation that violates coalescing: Lotteries
in split form distinguish between a lottery that yields an outcome for sure and
a lottery that displays this outcome twice, with probabilities that sum to one.
Running two Markov chains, each with probability 1/2, yields a new Markov
chain with a state space that holds a copy of each original chain’s states; a mixture
of a chain with itself has therefore twice as many states.

On procedural mixture sets, the standard von Neumann-Morgenstern axioms
characterize a mixture entropy preference rather than expected utility: there exist

parameters g € R and r > 0 such that
Upa @ (1 —p)b) = p'U(a) + (1 — p)"U(b) +q- He(p),
where H, is the Shannon entropy when r = 1 and the Tsallis entropy when r # 1.
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When g = 0 and r = 1, the standard expected utility representation is recovered.

We apply the representation result to lotteries in split form. In the spirit of
Birnbaum (2004a, 2004b) and Birnbaum and Bahra (2007), we formalize split form
lotteries as finite multisets of outcome-probability pairs, called branches. Branches
with identical outcomes are kept separate rather than merged. Mixing two such
lotteries concatenates their branches with rescaled probabilities. The literature
on event splitting effects (Birnbaum, 2004a, 2004b; Birnbaum & Bahra, 2007;
Humphrey, 1995, 1999; Marley & Luce, 2005; Quispe-Torreblanca et al., 2025;
Starmer & Sugden, 1993; Weber, 2007) documents that subjects systematically
value lotteries differently depending on whether branches with identical outcomes
are merged or listed separately: the procedural mixture set framework models this
directly without requiring any modification to the preference axioms. Theorem 1
shows that decision makers who satisfy the vNM axioms but do not coalesce
identical outcomes do not maximize expected utility but instead a mixture entropy
preference.

The second result (Theorem 2) retains the standard mixture set structure,
adds associativity, and weakens the independence axiom. The result is a utility
representation that, when restricted to mixtures of elements with disjoint supports,
takes the form of a mixture entropy. Restricting independence to only hold for
such disjoint mixtures is plausible in many contexts in which entropies occur, such
as measures of inequality (Theil, 1967), diversity (Nehring & Puppe, 2009), or
segregation (Frankel & Volij, 2011) of distributions. We can mix two very unequal
distributions and obtain a much more equal one, a failure of full independence.
How equal the resulting distribution is depends on where the two distributions
concentrate their probability: ceteris paribus the mixture is more even when the
states with high probability under one distribution have low probability under the
other than when the same states have high probability. Under disjoint supports no
state receives probability from both mixture components, and this dependence is
absent. This motivates restricting the independence axiom to disjoint mixtures.

We apply the second result to deliberate randomization. A decision maker
exhibits deliberate randomization when she strictly prefers a mixture of distinct
alternatives to either alternative alone. Machina’s Mom (Machina, 1989) famously
prefers to flip a coin when allocating an indivisible good between her children.

Mom is dynamically consistent but violates consequentialism when she rejects



giving a second chance to a child who lost the coin flip. Our disjoint independence
condition effectively imposes consequentialism on Mom’s decision whenever the
randomization involves only children who have not yet had a chance to win the
good. By our second result, this condition, together with some technical assump-
tions, guarantees that Mom has a mixture entropy preference over allocations
with disjoint supports. The entropy component expresses Mom’s preference for
randomizing among her children. The result contributes to the axiomatic liter-
ature on deliberate randomization by providing foundations for the deliberate
randomization model of Mattsson and Weibull (2002), in which the decision maker
maximizes an expectation augmented by a divergence. Unlike most of the litera-
ture, our approach directly models preference over the randomization instead of
relying on stochastic choice functions.

The remainder of the paper is organized as follows. Section 2 develops proce-
dural mixture sets, states the two representation theorems, and applies them to
split form lotteries and to deliberate randomization. Section 3 relates our results
to the literature on deliberate randomization, on the reduction of compound mix-
tures property, and on entropy functions. Section 4 concludes. Proofs of the main
theorems and further comparative statics results are collected in the appendices.

REPRESENTATION THEOREMS

For ease of comparison, we first recapitulate the mixture sets of Herstein and
Milnor (1953).

Definition 1 (Mixture Set). A mixture set (M, @) is a set M endowed with a mixture
operator @ that maps any (a,b, u) € M x M x [0,1] to pa ® (1 — p)b € M and that
satisfies:

la® (1-1)b=a,
pa® (1—p)b = (1—p)b® pa,
Apad (1—w)bl e (1—A)b=Au)ad (1 —Au)b

where each property holds for all 4,b € M and all y, A € [0, 1].

We may call the three properties, respectively, connectedness, commutativity, and
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reduction of compound mixtures. A and p are called the mixture weights. An element a
is called an outcome if there do not exist distinct b and ¢ such thata = ub @ (1 — p)c
for some p € (0,1).

We define the following axioms for a preference relation on the mixture set.
These are slightly stronger than those of Herstein and Milnor (1953) but are still

necessary conditions of their representation.
Axiom 1 (Weak Order). 7 is complete and transitive.

We further say that a weak order is nontrivial if for some a,b, a 77 b but not
b a.

Axiom 2 (Continuity). For any a,b,c,d € M and any p € (0,1], the sets

{vipvao (1—-v)d]l@(1—ubzc} and {v|czpuva®(1—v)d]®(1—pu)b}

are closed.

At y = 1 the axiom is the standard mixture continuity employed by Herstein
and Milnor (1953). The axiom additionally requires mixture continuity also for

nested mixtures.
Axiom 3 (Independence). If a,a’,b € M, u € (0,1) thena Z a' < pua® (1 — u)b
pa' @ (1 — u)b.

Herstein and Milnor (1953) proved the following result:

Theorem (Herstein and Milnor, 1953). Let = be a relation on a mixture set M. The

following statements are equivalent:

1. 77 satisfies Weak Order, Continuity, and Independence.

2. 7 can be represented by a function U such that U(aa @ (1 —a)b) = al(a) + (1 —
a)U(b) forall w € [0,1] and a, b € M.

The reduction of compound mixtures property is implied by two distinct

properties, associativity,

Apa® (1 —u)b]j & (1 —A)c
Ml—p), . 1-A

=pura ® (1 — pA) 1_}5\ 1_W\C




2.1

forall a,b,c € M and all y1, A € [0,1] with A < 1, and coalescing:
wad (l—pla=a

for all 2 € M and all u € [0,1]. Associativity states that the order of mixing does
not matter. It holds in the standard examples of mixture sets: convex subsets
of a vector space, lotteries over a finite set of prizes, and menus of lotteries.
Coalescing is a structural property of @&: mixing an alternative with itself returns
that alternative; thus, the mixture operation itself cannot affect preference.

By associativity and coalescing, respectively,

AMpua® (1 —u)b]d (1 —-A)b

Al —p) 1-A
1—Au b@l—/\yb

=(Ap)a® (1-Ap)

=(Ap)ad (1—Ap)b,

and thus associativity and coalescing imply reduction of compound mixtures.
Mongin (2001, p. 67) showed that the reverse implication fails: associativity is not
implied by connectedness, commutativity, and reduction of compound mixtures
together. Only coalescing is implied by reduction of compound mixtures together

with connectedness (Jensen, 1967).

Example. The classical example of a mixture set is the set of probability distribu-
tions on a finite set of prizes, A(X) = {p: X — [0,1] | Lyex p(x) =1}: ifaand b
are probability distributions, ¢ = aa & (1 — a)b is the probability distribution in
which forall x € X: ¢(x) = aa(x) + (1 — a)b(x). For this mixture set, a relation that
satisfies Axioms 1-3 can be represented by expected utility: U(a) = Y cx a(x)u(x)

for some Bernoulli utility function u : X — R. O

PROCEDURAL MIXTURES

In our definition of procedural mixture sets we replace reduction of compound

mixtures by associativity:

Definition 2 (Procedural Mixture Set). A procedural mixture set (8, ®) is a set

8 endowed with a mixture operator @ that maps any (a,b, ) € 8 x 8 x [0,1] to



pua® (1 —pu)b € 8 such that for all a,b,c € S and all y, A € [0,1] with uA < 1,

lad(1-1)b=a,

pa® (1 —p)b = (1—p)b® pa,
Apa®d (1 —p)b]jd (1 —A)c

A1 —p) 1-A

b

= pAa® (1 —pA) - 1_VAC .

Connectedness and commutativity remain unchanged. Coalescing is not as-

sumed.

Example. The literature on event splitting effects documents that subjects system-
atically value lotteries differently depending on whether identical outcomes are
coalesced or not. In these experiments, lotteries are presented to subjects as lists
of probabilities combined with prizes. A common consequence can be written as
one list element or split across several, and the experiments test whether subjects
choose differently between the two presentations.

Problem 1D 1-55 56-100 Problem 2D 1-45 46-90 91-100
a 0 11 b 0 11 0
b 7 0 b 7 0 7

Table 1: Two decision problems of Starmer and Sugden (1993). A number between
1 and 100 is drawn uniformly, determining the monetary payoff in pounds.

Concretely, Starmer and Sugden (1993) presented decision makers with the
two decision problems displayed in Table 1. Each decision maker chose either
between a and b in problem 1D or between i and b in problem 2D. Across two
groups of 90 subjects, one for each decision problem, 76 chose a in 1D, but only 50
chose i in 2D, a statistically significant difference. This indicates the presence of

event splitting effects that can be modeled by the preferences
{(.55) (.45)} . {(.55> <.45>}
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45 45 1 45 45 1
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where the top entries are the probabilities and the bottom entries are the outcomes.
The only difference between the two problems is the presentation of the lotteries:
in 2D the outcomes 0 and 7 have been split across two probability ranges. If the
decision maker is sensitive to such differences in presentation, it makes sense to
employ a formal structure that can account for them.

Formally, we define a split form lottery over X as a finite multiset { ( " ) e, ( gz > }
such that ! ;p; =1, p; >0,and x; € X for alli = 1,...,n; duplicate branches
(iz) = (5; ) are retained, and the order of elements does not matter. Denote by &
the set of split form lotteries over a set of consequences X.

Let c and d be split form lotteries,

c c d d
) =) (B))
xl xnc xl xnd

and let u € (0,1). Define

pes = { (M) o (15), (70 (O,

and 1c®0d = ¢, Oc © 1d = d. Mixing two split form lotteries creates a new
split form lottery whose branches are the union of the branches of the two, with
probabilities scaled by p and 1 — u respectively. It is straightforward to see that the
set of split form lotteries satisfies commutativity, connectedness, and associativity
but not coalescing. It is thus a procedural mixture set, but not a mixture set.

Write [x] = {(}C)} for the split form lottery that yields x with certainty.
The options of problem 1D are the procedural mixtures a = .55[0] & .45[11] and
b = .55[7] & .45[0]. The options of problem 2D split the branches with probability
.55 into one of probability .45 and one of probability .1,

i = .55[%[0] & &[0]] @ .45[11], b= 552171 @ &[7]] @ 45[0.
Coalescing would identify 7;[x] & Z[x] with [x] and hence each option of 2D with
its counterpart in 1D. Without coalescing, mixing an element with itself can have
value, and that value can differ from element to element. The observed choices

are those of a decision maker for whom mixing [7] with itself is worth more than



mixing [0] with itself: the decision maker attaches a higher value to splitting the

outcome 7 than to splitting the outcome 0. O

We are interested in the following representation of binary relations on proce-

dural mixture sets.

Definition 3 (Mixture Entropy). A binary relation /7 on 8 is a mixture entropy
preference if there exists a function U : § — R and parameters g € R, € R+ such
that U represents /- and for all 4,b € 8§ and p € [0,1],

U(pa @ (1 —p)b) =p"U(a) + (1 —p)"U(b) +q - He(p)

—plnp— (A —p)In(l—p), r=1
H”(.u) = T—p' —(1—p)" (1)
B E— r 7& 1

where 0In0 = 0 here and thereafter. We call U, r, g a mixture entropy representation
of 7-.

Importantly, the mixture entropy does not satisfy U(pa & (1 — u)a) = U(a)
unlessg=0and r =1, or U(a) = q/(r — 1) and r # 1. This will be formalized in
Proposition 1 which defines the intrinsic value of mixing that, depending on the

parameters, can be negative, zero, or positive.

Theorem 1. Let - be a binary relation on a procedural mixture set (S,®). Then the

following two statements are equivalent.
1. 7 satisfies axioms 1-3.
2. 7 is a mixture entropy preference.

IFul,r',q' and U?,72, g% are mixture entropy representations of the same nontrivial weak
order, then r' = r? and U' = ¢pU? + ¢ for some ¢ € R~ and ¢ € R. The parameter q
satisfies q' = ¢g® when r' = 1 and q' = ¢pg> + (r' — 1) when r* # 1.

When g = 0 and r = 1, the representation reduces to U(pua & (1 — u)b) =
ul(a) + (1 —u)U(b), i.e., standard expected utility. In this special case U(pa &
(1 —wu)a) = U(a), so the agent is indifferent between pa @ (1 — u)a and a: coa-
lescing holds at the level of preferences and the equivalence classes of ~ form a

mixture set.!

More precisely, (S, @, ~) is a generalized mixture set in the sense of Fishburn (1982).



Example. Returning to the example of event splitting effects, the literature has
found that coalescing is not preference-neutral. Birnbaum (2008) and Birnbaum
and Navarrete (1998) developed models that account not only for event splitting
effects but also for other deviations from expected utility, such as rank dependence.
A natural question therefore arises: if we leave the preference axioms of expected
utility unchanged, how can behavior differ due to the absence of coalescing? In
other words: what is the “pure” effect of the failure to coalesce identical outcomes
when individuals are otherwise perfectly rational?

Theorem 1 identifies coalescing of identical outcomes as the only difference
between an expected utility maximizer and a maximizer of a mixture entropy
representation: if a decision maker “edits” split form lotteries by coalescing
identical outcomes before making a choice, then they maximize expected utility. If
they do not coalesce outcomes but satisfy all of the expected utility axioms, they

maximize a mixture entropy representation. [

Sketch. A rough outline of the proof follows. The details are provided in Ap-
pendix A. We first show that /7 has a quasi-separable representation (Gilboa et
al., 2016; Qin & Rommeswinkel, 2024) of the form U(ua ® (1 — u)b) = f(a, u) +
g(b,1 — p). Commutativity guarantees that f = ¢ without loss of generality. In-
dependence implies that f and ¢ must be increasing functions of the utilities of a
and b, respectively. With some abuse of notation, associativity of the procedural

mixture set then implies that

F(F (U(@), ) + £ ()1~ ), 2) + F(U()1 - A)
—rutey i+ f (f (o), 38 )+ (e = ) 1-m) @

Holding ¢, u, and A fixed, the first term of the left-hand side and the entire right-
hand side are additively separable representations over the codomains of U(a) and
U(b). Two continuous additive representations of the same ordering are related by
a common positive affine transformation, so both their sums and their component
functions are affine transformations of each other. It follows that f is affine in
its first argument, f(u, u) = A(u) - u + B(p). Moreover, A(u) - A(A) = A(uA),
the multiplicative Cauchy equation, with solution A(y) = p’, and r > 0 by
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Independence. Substituting our solution for f into (2) yields:

A"[B(u) +B(1—u)] +B(A)+B(1—A)
=B(pA) + (1— puA) [B(AE) + B(1=4 ) |+ B(1 — A

which after substituting H(y) = B(i) + B(1 — ), A =1 —x, and pA =y, is the
fundamental equation of information,

(1= x)H (1) + H(x) = (1 -y H(%5) + H(y),
whose solutions (Ebanks et al., 1987) yield the desired representation. O

Remark 1. The multi-mixture representations of Theorem 1 follow from compound-

ing in a straightforward way, e.g.:

[14)) 1—0(1_“2 &n
u(lxlal@(l “1) (1_a1a2® 1_(x1 ( e91—0(1—"'_D‘n—ZQn))>

— i([xi)rll(ai) +q- Hy(aq, ..., 00)

1

where a; > 0and Y/ ;&; = 1, and

Hr(“l,. . .,an)

1-Y ()"
—;1(1“) r#1.

{Zitxilntxi, r=1

The case r = 1 gives the Shannon (1948) entropy, which in many contexts is the
standard measure of entropy. A decision maker whose preference it represents

thereby accepts the following property.

Axiom 4 (Mixture Cancellation). For all a,4’,b,b' € 8, all 4 € (0,1] and all
Ae(0,1),

pAad(1-A)a)® (1—pb~pu(Add @1 —-A)d) & (1—p)l
& uad(1—u)b~ud & (1—u)b.

The axiom expresses that same-element mixtures are not irrelevant but cancel

out: replacing a by 4’ on both branches of an internal mixture has the same
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comparative effect as replacing a by a’ directly.
It is straightforward to apply mixture cancellation to Theorem 1 to obtain the

following corollary.

Corollary 1. Let 7 be a binary relation on a procedural mixture set (S, ®,~). Then the
following two statements are equivalent.

1. 77 satisfies axioms 1—4.
2. 7 is a mixture entropy preference with r = 1.

We now provide comparative statics. Given that coalescing is not satisfied, the
most interesting comparative static concerns the value of mixing an element with
itself. The parameter g sets a threshold for U(a) that determines whether mixing
an element with itself, U(pa & (1 — p)a), increases U or not. To make this precise,

we introduce a positive and a negative value of mixing.

Definition 4 (Value of Mixing). = exhibits a negative (positive) value of mixing at
ac8ifa> (X)ua® (1 —pu)aforall u € (0,1).

The following result is then straightforward:

Proposition 1 (Monotone Mixing). If 2~ has a mixture entropy representation U, 1, q,
then the following statements are equivalent:

1. 7, exhibits a negative (positive) value of mixing at a,
2. U(a)(r—1) > (<)g.

It follows that repeatedly mixing an element with itself at a fixed weight
€ (0,1), so that a,1 = pa, ® (1 — p)ay, yields a sequence with U(a,11) =
(W + (1 —p)")U(an) +qH,(u). If U(ag)(r — 1) = g, the sequence of utilities is
constant. Otherwise, if ¥ > 1, then U converges to q/(r — 1), and if r < 1, then U
diverges to co when U(ag)(r — 1) < g and to —oo when U(ag)(r — 1) > g.

Example. As earlier claimed, the model can capture the behavior a = b and b >~
in decision problems 1D and 2D. By Proposition 1 it suffices that the preferences
exhibit a positive value of mixing at [7], a negative value of mixing at the worse

outcome [0], and a small enough utility difference between a and b. More generally,
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2.2

we can show that whenever r < 1 there exists a monotone utility function over
monetary payoffs that generates this behavior:

By (1), mixing [x]| with itself at weight u changes its value by

U(ple] @ (1= p)[x]) = U([x]) = (0" + (1 = )" = 1) U([x]) + gH (p)-

Forr < 1wehave u" + (1 —u)" > u+ (1 —pu) =1, so the first term is increasing
in U([x]). The second term does not depend on x. Splitting the outcome 7 is thus
worth more than splitting the outcome 0 if and only if » < 1. Furthermore, if
utilities over consequences satisfy

" _ u(u))-u(o) 21"
(9) < Ty <1+ G)

thena = band b = 4. ]

Further comparative statics results are presented in Appendix C. The parameter
r is well known in information theory to control the importance of small versus
large probabilities. In the context of procedural mixtures, this means that the
higher r, the more inclined a decision maker is to prefer a mixture ad ® (1 — a)d
to a mixture (yd & (1 —v)d) & (1 — B)(yd & (1 — v)d) when the value of mixing
at d is positive.

In a procedural mixture such as U(ua & (1 — p)b), the parameter g controls the
importance of the value derived from the mixture weight, H, (), relative to the
value of the mixed elements, U(a) and U(b). This means g controls the direction
and degree to which the decision maker favors more even distributions. However,
the magnitude of g is only behaviorally relevant if there are two outcomes (i.e.,
elements that are not generated from mixtures themselves) x - y, otherwise g is

preference neutral.

Di1sjoINT MIXTURES

Theorem 1 obtained a mixture entropy representation by maintaining the standard
mixture set axioms and applying them to preferences on a non-standard mixture
set. We now derive an analogous representation for standard mixture sets, relaxing

the independence axiom instead.
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If decision makers value randomization for its own sake, they violate expected
utility: strictly preferring a lottery over two alternatives to either alternative alone
is inconsistent with the independence axiom. Such preferences are studied in
the literature on deliberate randomization (Border & Segal, 1994; Cerreia-Vioglio
et al., 2019; Fudenberg et al., 2015; Grant, 1995; Hashidate, 2018; Machina, 1989;
Mattsson & Weibull, 2002; Miao & Zhong, 2018; Trautmann, 2009). Restricting
independence to mixtures with disjoint support is not only consistent with deliberate
randomization but may be normatively compelling, as the following example

shows:

Example. Machina’s Mom (Machina, 1989) must allocate a single indivisible good
between her children ABiGAIL and BENjIE. Wanting to give both children a fair
chance, Mom prefers a coin flip to giving the good outright to one child, let’s say
ABIGAIL:

1 ABIGATL @ 1BENJIE = ABIGAIL.
2 2

Independence (Axiom 3) with b = BENJIE and y = % then requires Mom to prefer
substituting ABIGAIL with another coin flip within %ABIGAIL @ %BEN]IE. Mom

instead has the reverse preference:
%ABIGAIL b %BEN]IE - %(%ABICAIL ) %BENIIE) b %BEN]IE.

The reasoning is that BENJIE already has a fair chance on the first coin flip: the
substitution would be equivalent to giving him a second chance in case he loses.

Suppose now Mom has a third child, CHARLIE. Just like for BENJIE, Mom
prefers to flip a coin between ABIGAIL and CHARLIE over a direct allocation to
ABIGAIL:

L ABIGAIL @ 1CHARLIE = ABIGAIL.
2 2

Unlike the previous substitution, it would be plausible for Mom to accept a

substitution that replaces ABIGAIL with a mixture between her and CHARLIE after
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BENJIE has just lost the first coin flip:
1 (lABIGAIL ) lCHARLIE) @ 1BenyiE = L ABIGAIL & 1BENJIE
2\2 2 2 2 2 .

Given Mom'’s fairness motivation, restricting independence to mixtures that do
not share outcomes seems normatively convincing because disjointness of the
outcomes restricts substitutions to those in which the affected children have not
yet had a fair chance. O

In this subsection we show that, together with the other standard mixture-space
axioms, restricting independence to disjoint mixtures yields the same mixture
entropy representation as Theorem 1.

To model a notion of distinctness in standard mixture sets, we introduce
additional notation. Let Z be a set. For a given mixture set M, a support is a
nonempty-valued correspondence supp : M = Z such that for all 4,b € M and
all « € (0,1): supp(aa ® (1 —a)b) = supp(a) Usupp(b). For simple lotteries
p € A(X), taking Z = X and supp(p) = {x € X | p(x) > 0} recovers the usual
support definition for lotteries.> A subset Z of Z is essential with respect to a
preference relation 2~ on M if there exist a,b € M such that supp(a),supp(b) C Z
and a > b.

Definition 5 (Decomposability). A mixture set M with support supp : M = Z is
decomposable if for every m € M and every nonempty proper subset P C supp(m),
there exist m’,m” € M and a € (0,1) such that supp(m’) = P, supp(m”) =
supp(m) — P, and m = am’ @ (1 — a)m".

Decomposability requires that any element can be expressed as a binary mix-
ture of two elements whose supports form any desired bipartition of the original
support. The elements of Z are thus the indivisible components of the support.
Decomposability only imposes structure on the support, not the mixture set, e.g.,
every mixture set is decomposable if Z is a singleton set and multiple distinct

elements can have an identical singleton support.

2QOur definition of a support of a mixture set is broader than this example suggests: for example,
the support of a consequence could be a set of attributes that describe this consequence and these
attributes could overlap with those of other consequences.
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Axiom 5 (Disjoint Independence). For all a,a’,b € M, u € (0,1), if (supp(a) U
supp(a’)) Nsupp(b) = @, then

a=a

& ua® (1—u)bmua & (1—u)b.

If there are sufficiently many essential subsets of Z, a mixture set satisfying
disjoint independence admits a representation of the same functional form as
Theorem 1:

Theorem 2 (Disjoint Independence Representation Theorem). Let M with support

supp be a mixture set satisfying decomposability and associativity, and * a binary

relation on M such that there exist at least three mutually disjoint essential subsets of Z.
Then the following statements are equivalent:

1. The relation 7Z* satisfies Axioms 1, 2, and 5.

2. There exist parameters g € R,r € R+, and a function U : M — R, continuous
in mixture weights, representing *=* such that for all a,b € M with supp(a) N
supp(b) = @:

U(pa® (1 —p)b) =p"U(a) + (1 —p)"U(b) +q - Hr(p)

—plnp—(1—p)in(l1—p), r=1
HT’(V) = 17‘ur7(17‘u)r
e r#1

Besides requiring the mixture entropy representation on disjoint mixtures,
Theorem 2 states that U is continuous in mixture weights for both disjoint and
non-disjoint mixtures.

The most important difference between Theorem 1 and Theorem 2 is the
requirement of a sufficient number of essential subsets. An essential subset must
contain two elements between which the decision maker is not indifferent; for
lotteries over finitely many outcomes and the usual support, three disjoint essential
subsets thus require at least six distinct outcomes.

Remark 2. For simple lotteries on a finite prize space X with the standard support

definition and outcomes that can be arranged into three pairs with a nontrivial
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preference over their mixtures, Theorem 2 yields

U(p) = ) p(x)"u(x) +q- H(p), (3)
xeX
the prize-by-prize representation familiar from expected utility extended by an
entropy term in the mixture weights.

Example. Our essentiality requirement is satisfied if Mom can allocate the good
to six different children and strictly prefers coin flips over direct allocations
between any two of them. She need not have a strict preference between the direct
allocations. The utility representation (3) in the remark applies in this case.
However, to apply Theorem 2, Mom need not have six children. Three children
ABIGAIL, BENJIE, CHARLIE combined with two qualities HIGH, and Low, of the
indivisible good suffice, provided the support records only which child receives the
good: Z = {z,,zs,zc} with supp(ABIGAIL,HIGH) = supp(ABIGAIL,LOW) = {z,},
and likewise for the other two children. Each of {z,}, {zs}, {zc} is essential
as soon as Mom strictly prefers one quality to the other for that child, e.g.,
ABIGAIL,HIGH > ABIGAIL,LOW. The mixture entropy representation for disjoint
support outcomes is then implied by the axioms with the entropy of the probability
of receiving either quality entering the representation. For mixtures of the two
qualities for a child, e.g., U(uBENJIE,HIGH & (1 — y)BENJIE,LOW), utility can be any
arbitrary continuous function of the mixture weight p. O

We now explain the connection between the two results and why the addi-
tional essentiality condition is needed. With only two disjoint outcomes, disjoint
independence places no constraint on preferences; all we obtain is a representation
U(aea® (1 —a)b) = f(a,U(a), U(b)), which need not be quasi-separable given «.
With three outcomes 4, b, ¢, disjoint independence and associativity imply that
any continuous representation U must satisfy, for all «, f € [0,1) witha + B <1
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(with some abuse of notation ignoring specifications of supports):

u(w@ (1—06)(%17@#‘:))
=f (= u(a), f(£5 uw), u(e)))
:f(ﬁ, u(b), f(ﬁ,U(a)/U@))
—u(pre (- )00 H520) ).

To obtain from this the fundamental equation of information that drives the proof
of Theorem 1, we require f to be additively separable in the mixture elements. To
prove this, the range of f needs to be a continuum. In the proof of Theorem 1 we
had infinitely many compounding stages of mixtures available, which allowed us
to replace a, b, and c by mixtures covering a rich set of indifference curves; here
we are restricted by disjointness.3 Thus, to prove that f is indeed quasi-separable
we need three mutually disjoint essential subsets of mixtures in the support. The
proof then proceeds largely as in the procedural mixture set case, with additional

bookkeeping for the disjoint supports.

Example. Machina (1989) originally describes the example of Mom in a decision-
tree setting rather than via preferences over lotteries. The two formulations are
connected via the following equivalence: under dynamic consistency, reduction of
compound mixtures, and consequentialism, choices over a decision tree reduce to
a preference over the lottery induced by the optimal strategy, and this preference
satisfies full independence (Hammond, 1988; Volij, 1994). Machina argued for
retaining dynamic consistency in non-expected utility preferences. By reducing
preferences to a mixture space, we implicitly assumed dynamic consistency and
reduction of compound mixtures. Disjoint independence requires Mom to satisfy
consequentialism only at decision nodes whose options have in their support only
children who would have had no chance of winning the good had that node not
been reached.

The resulting representation is intuitive: Mom may have some preferences over
which child should receive the good, expressed by the utility of the outcomes. But

Mom also cares about randomization: the entropy is increasing in how evenly the

3We may think of procedural mixture sets as effectively duplicating the support with every
mixture operation.
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3.1

probabilities are distributed among the children. [

LITERATURE

There are three branches of literature related to the present paper: the literature
on deliberate randomization, the literature on mixture sets, and the literature on

axiomatic characterizations of entropies.

DELIBERATE RANDOMIZATION

Border and Segal (1994) shows that as long as Machina’s Mom satisfies dynamic
consistency, her behavior is approximately expected utility after conditioning
on sufficiently small events. Grant (1995) characterizes when Machina’s Mom
can remain probabilistically sophisticated, working with preferences over Savage
acts and dropping monotonicity rather than independence. Trautmann (2009)
formalizes Machina’s Mom’s behavior by augmenting expected utility on monetary
payoffs with a process-fairness term defined on the social allocation generated
by the randomization. Miao and Zhong (2018) document experimentally that
randomization in dictator allocations is widespread and that ex-ante and ex-post
fairness preferences coexist in the same population.

Axiomatizations of deliberate randomization commonly use choice-theoretic
primitives. Fudenberg et al. (2015) take a stochastic choice rule over outcomes as
primitive and recover an additive perturbed utility in which expected utility is
supplemented by a nonlinear perturbation function that induces randomization.
Cerreia-Vioglio et al. (2019) work with stochastic choice over lotteries and charac-
terize the case in which the chosen distribution maximizes a convex preference
over lotteries on each menu. Hashidate (2018) instead takes preferences over
menus as primitive and obtains a two-stage representation in which a probability-
weighting function captures attitudes toward randomization at the menu-choice
stage. Mattsson and Weibull (2002) derive a divergence cost function, but their
axioms are imposed on the disutility of effort of choosing a distribution different
from a “default choice vector”. In the case of r = 1, our representation coincides
with their objective once the prize utilities are redefined to absorb the default

choice vector. Thus, our result can be seen as a characterization of their objective
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3.2

33

function with a subjective default choice vector.

MIXTURE SETS

There is a large literature of decision-theoretic papers that employ the mixture
sets introduced by Herstein and Milnor (1953). The mixture set theorem is usually
employed as a starting point to obtain a representation linear in mixture weights
and additional conditions are then imposed depending on the application. In
contrast, Mongin (2001) examines under which conditions mixture sets can be
treated as convex subsets of a vector space. Jensen (1967) defined coalescing,
his property Ms, pa @ (1 — u)a = a and derived it from reduction of compound
mixtures and connectedness. Fishburn and Roberts (1978) extended the theorem by
replacing = by the indifference relation ~ in the mixture set conditions. Fishburn
(1982) formally introduced the thus generalized mixture sets. Payr6 (2022) extends
the mixture space theorem to preferences over menus of lotteries satisfying mixture
betweenness, characterizing utility as a solution of V(x) = ®(x, V(x)) where & is
mixture linear in the first argument.

ENTROPY FUNCTIONS

Economic theory frequently uses information measures.# The present paper
characterizes the entropy information measures by Shannon (1948) and Tsallis
(1988) in a simple algebraic framework. Krantz et al. (1971, ch. 3.12) defined
entropy structures algebraically and showed that a relation represented by H,
satisfies the assumptions of an entropy structure, but did not characterize H, or
H;. For a general survey of the characterization of information measures, see
Csiszar (2008).

Closely related to the present paper are Luce et al. (2008a, 2008b), who intro-
duced the mixture entropy representation to characterize the utility of gambling.
As in our setting, their gambles do not coalesce identical outcomes. The key

differences are that 1) utility over money is assumed to be linear, 2) certainty

4The entropy is used to model inequality (Shorrocks, 1980; Theil, 1967), segregation (Frankel &
Volij, 2011), the utility of gambling (Luce et al., 2008a, 2008b), diversity (Nehring & Puppe, 2009),
consumer demand (Theil, 1965), freedom of choice (Suppes, 1996), market concentration (Hennessy
& Lapan, 2007), and information costs (Caplin et al., 2017; Sims, 2003).
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equivalents are assumed to always exist, and 3) their axioms rely on the joint
receipt of multiple gambles.

Theorem 2 also yields a comparatively simple axiomatization of the Tsallis
(1988) and Rényi (1961) entropies. Rényi’s original characterization works with
positive measures rather than probability distributions, and imposes scale invari-
ance. Since a special case of our representation is a monotone transformation
of the Rényi entropy, Theorem 2 provides axioms for it that apply to probability
distributions.

Regarding the disjoint independence result, a precursor result appears in Chen
et al. (2021) in the context of consumption expenditure shares. There a similar
result is proven for at least four disjoint subsets instead of three, without relying

on quasi-separable preference representations.

CONCLUSION

We presented two variations of the mixture set theorem — replacing reduction of
compound mixtures by associativity (Theorem 1), or weakening independence to
disjoint independence (Theorem 2) — both of which yield the Shannon and Tsallis
entropies as components of the utility representation.

The procedural aspect of Theorem 1 is most clearly visible in settings where
mixing two structures duplicates their components. An application outside the
scope of this paper is the class of Markov chains mentioned in the introduction.
These form a procedural mixture set under the natural mixture operation that
runs either chain with probability equal to its weight; states must be duplicated
for this to be well defined, so mixing a chain with itself violates coalescing. Our
mixture entropy representation for r > 1 provides a complexity measure for the
chain that captures how dispersed the probability distribution over states is as the
chain progresses. The parameter r controls whether the long run probabilities or
the short run probabilities matter more.

For many applications it may be helpful to generalize procedural mixture
sets analogously to Fishburn (1982) by replacing equality in Definition 2 with
an equivalence relation ~ on 8, imposing a ~ b = a ~ b on preferences. This
admits further examples, such as weighted binary trees under the equivalence that
rearranges the branching structure while holding the product of weights at each

21



terminal node fixed.
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PROOF OF THEOREM 1

Proof. Necessity is straightforward. We prove sufficiency.

Let Q = §/ ~ be the quotient set of § with respect to the equivalence relation
~. Note that whenever a,b € § and a ~ b, then any utility representation U
must satisfy U(a) = U(b). Note further that Q is a procedural mixture set when
endowed with 2Z* such that g 2Z* r if and only if 2 27 b for somea € gand b € r.
Thus, finding a utility on Q is equivalent to finding a utility on §. We therefore
assume for the remainder of the proof that § = Q.

Let the order topology on § be the topology generated by the subbase of upper
and lower contour sets of the asymmetric part of 7.

Lemma 1. A (procedural) mixture set T endowed with a mixture continuous weak order
is topologically connected in the order topology.

Proof. If 8 is not connected, it is the union of two nonempty disjoint open sets 8’
and 8”. Take any s’ € 8’ and s” € 8”. The set 8" ={a | Ju:a=pus' ® (1 —u)s"}
lies in 8 since & is a mixture set, and is disconnected in the subspace topology by
the disjoint nonempty open sets 8’ N 8" and 8" N 8"”. Since the upper and lower
contour sets of 7~ form a subbase of 8, their intersections with 8" form a subbase
of the subspace topology on 8"’. By Axiom 2, the bijection f : y +— s’ @ (1 — pu)s”
is continuous. But then f~1(8' N 8") and f~1(8” N §"') are open, disjoint, and

disconnect [0, 1], a contradiction. O
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Lemma 2. 77 is coseparable, i.e.,

pa® (1 —pu)b~ pa® (1— )b
pua' (1 — )b~ aa' @ (1— )b
pa® (1— b’ ~pae (1 - p)b’

jointly imply
pa' & (1— o' ~ pa' & (1 — p)b’
Proof. Using commutativity and associativity it is straightforward to show that

1/2[pa & (1—p)b] ©1/2[ua’ & (1 — p)b']
=1/2[pa" & (1 — p)b] ©1/2[pa & (1 — p)b']

for any u,a,b,a’,b’. Axiom 3 together with the assumptions stated above then

guarantees the desired result. O

Lemma 3. 7 can be represented by continuous U, F such that for all a,b € 8§ and
uel01]:

U(pa @ (1 — p)b) = F(a,p) + F(b,1 — p)
and
F(a,0) =0 and F(a,1)=U(a). (4)

Proof. If a ~ b for all a,b € §, the representation is trivial. Otherwise we use the
main theorem of Qin and Rommeswinkel (2024), which provides a representation
theorem for weak orders on (open subsets of) X x Y x Z with the representation
f(x,z)+2g(y,z). Here we choose X = 8, Y = §,and Z = (0, 1) and endow the space
with the product topology of the order topologies and the subspace topology of the
reals. Thus, we will first obtain the representation on i € (0,1) and then extend it
to [0,1] using Axiom 2. To apply the main theorem of Qin and Rommeswinkel
(2024), we require the following conditions: essentiality, conditional independence

of the X and Y dimension given Z, coseparability of X and Y given Z, continuity
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in the product topology, and topological connectedness of X, Y, and Z.

Since we have a product space, the well-behavedness assumptions of Qin and
Rommeswinkel (2024) are not needed and we also only need essentiality instead
of strict essentiality. Essentiality requires that for at least some y and some a
there exist some b, b’ such that pa & (1 — )b # pa® (1 — u)b’' and for some a,b
there exist some yu, u’ such that ua @ (1 — u)b # w'a® (1 — u')b. The former is
guaranteed by Axiom 3 and the exclusion of the case a ~ b for all a,b € 8. The
latter is guaranteed by Axiom 2 and the exclusion of the case a ~ b for all 4,b € §.
Next, we need conditional independence of the X and Y dimensions given the
Z dimension. This holds by Axiom 3. Further, coseparability of the X and Y
dimensions given the Z dimension has been shown above.

For continuity in the product topology on 8 x 8 x (0,1) we show that the
upper sets {(a,b, ) | ya® (1 — u)b = c} are open; the lower sets follow from a
symmetric argument. We construct for every mixture pux & (1 — u)y > ¢ an open
neighborhood Ny x Ny, x I of (x,y, ) every element of which is again strictly
preferred to c. We take Ny = {x” | ¥/ > x'} for an x’ < x that still satisfies
ux' @ (1 — )y > c. x' is constructed as a mixture, ¥’ = vx @ (1 — v)z for some
z < x.5 Connectedness of the order topology (Lemma 1) together with Axiom 2
guarantees the existence of a v for which x" ranks below x while px’ @ (1 — u)y still
ranks above c¢. An analogous construction holds for Ny by commutativity. Finally
for I we take an open set of weights containing y on which Ax" & (1 —A)y’ > ¢
which holds by Axiom 2 at ¢ = 1. Axiom 3 closes the argument: replacing x’ by
any better x” and y’ by any better i’ preserves the strict preference, so every point
of the neighborhood is preferred to c.

Topological connectedness of the product topology follows from the connect-
edness of its components X, Y, and Z. The interval (0,1) is connected and each
component 8 is connected in the order topology.

From Qin and Rommeswinkel (2024) then follows the existence of functions F
and E such that 77 can be represented by

U(pa @ (1 —p)b) = F(a,u) + E(b, n)

Commutativity of the mixture set guarantees that we can redefine E and F such

5If x is preference minimal there is no such z, and we can simply take Ny = 8.
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that E(b, u) = F(b,1 — ). To see this, note that from U(ua & (1 — u)b) = U((1 —
#)b @ ua) follows that F(b,1 — u) + E(a,1 —u) = F(a,u) + E(b,u). Since this
holds for all a, E(b, ) = F(b,1 — u) + E(a*,1 — u) — F(a*, u) for some arbitrarily
chosen a*. Thus, E(b,u) = F(b,1—u) + f(u) where f(u) = E(a*,1—u) — F(a*, u).
Substituting in the original representation, U(pua & (1 — u)b) = F(a, u) + F(b,1 —
1) + f(1). Redefining F(a, u) = F(a,u) + flu)/2 p<1/2 , it follows that
fA=w)/2 p=1/2.

U(pa @ (1 —u)b) = F(a,u) + F(b,1 —p).

F(a, ) is only unique up to addition of a term ¢ () with ¥ (u) + (1 — u) = 0.
Choose some ag € 8 and redefine F by addition of

() = F(ao, 1 — ) — pU(pag & (1 — p)ag),

which gives lim;, g F(ag, 1) = 0. Since

F(a,p) = U(ua ® (1 — u)b) — U(uao ® (1 — u)b) + F(ag, ),

we have lim, ;o F(a, i) = 0 for every a, so the representation extends to 1 € {0,1}
as desired. [

Lemma 4. F(a,u) = A(u)U(a) + B(u) forall yand all a € 8.

Proof. For fixed u, F(a, u) is a monotone transformation of U:

F(a,u) > F(b, 1)

< Fla,p)+F(c,1—p) = F(bu) +F(c,1—p)
& pa®1—pezpbd (1—pc

& azb

& Ula) > U(d)

Therefore, we can write F(a, ) = G(U(a), i) with G strictly increasing in its first

argument.
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From Associativity and the representation in Lemma 3:

U(pa® (1 —u)[Ab & (1 —A)c])
i)+ G(GU(b),A)+G(U(c),1—A),1—u)

w0 (o (v ) o (w0 =) 1)

=U((1—m)Ab D (1 — (1 —p)A) {1_(” a@(l_u)(l_/\)c]). (5)

L—wA — 1=(1—-u)A
Both sides are continuous additive representations over 8§ x § in the elements a
and b, so by the uniqueness of additive representations G(-,1 — p) in (5) is affine
in its first argument. Since b, c and y, A are arbitrary, this holds for all utility levels.
Therefore G(U(a), u) = A(p)U(a) + B(u) for all a € 8§ and u € [0,1]. (4) gives
A(0) =B(0) =0, A(1) =1and B(1) = 0. O

Lemma 5. Suppose U(pa & (1 — u)b) = A(u)U(a) + A(1 — u)U(b) + H(u) for a
continuous, strictly monotone A with A(1) = 1, and associativity holds. Then A(u) = u’,
S R>0

Proof. We define H(y) = H(1 — ) = B(u) + B(1 — p). Using associativity, we can

derive that

A [A(p)U(a) + A1 —u)U(b) + H(pu)] + A1 — M) U(c) + H(A)
=A(Ap)U(a) + H(Au)

+A(1—Ap) {A (Al(l_—;;‘l)) u(b) + A (11__&) U(c) +H (/\1(1_—_):[))]

Consider a substitution a’ for a under which the above condition must still hold.
If AU = U(a) — U(a"), then it follows that

AMNA()AU = A(Ap)AU

and therefore A is multiplicative. Using the multiplicative Cauchy equation it is
straightforward to derive that A(y) = y’, r € R. By Axiom 3, v > 0. O
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We now finish the proof. We obtain

VH()+H) = 1=y 1 (FE) ] rap)

and substitute: A =1 — x and Ay = y. Using H(x) = H(1 — x) we obtain:

(1—x)'H (1 J x> +H(x)=(1-y)H (ﬁ) + H(y)

with two types of solutions (Ebanks et al., 1987):

A(p)=wu; H(p)=—(pInp+ (1 —p)In(1 —p))j+s
Aw)=u" Hp)=—-@p+1-n)" —1)j+s

where §,s € R. Substituting a solution of this form into the functional equation,
the terms not involving s cancel and leave s [(1 — x)" — (1 — y)"] = 0, which for
x # y forces s = 0. Writing g = j§ whenr = 1 and g = (r — 1)§ when r # 1, we
have therefore obtained the desired representation:

U(pa® (1 —p)b) =p"U(a) + (1 —p)"U(b) +q - Hr(p)

. —plnp—(1—p)In(1—p), r=1
with H, () = {1y’(1y)’
= r#1

Regarding uniqueness, note that if preferences are nontrivial, then we immediately
have an additively separable preference U(px & (1 — p)y) over a continuum of
x and y and thus U is unique up to affine transformations. The uniqueness

properties of ¥ and g follow immediately. O

PROOF OF PROPOSITION 1

The utility condition for a negative (positive) value of mixing is:

U(a) > (<) (¢ + (T —p)") U(a) + qHr ()

27



for all i € (0,1), which is equivalent to

U(a)(r — 1) Hr(p) > (<)qH,(p)

Since H, () is positive for all u € (0,1), the desired equivalence is obtained after
division by H, ().

COMPARATIVE STATICS

Definition 6 (Comparative Value of Mixing). =1 yields a higher value of mixing than
7o if forall w, 8,7 < 1/2 and some d € § at which 777 and 7, exhibit a positive
value of mixing,

ad®(1—a)d Z1 Plyd®(1—7)d) & (1—p)(rd® (1—7)d),
then

ad®(1—a)d  Zo Plydd(1—7)d)®(1—B)(yd® (1 —7)d).

In words, if under Z; a binary mixture has a greater value than a mixture
across four elements, then this must also be the case under 77;.

We now turn to the interpretation of the parameter r. The parameter r controls
the degree of the effect of mixing on the value. That is, it controls how much the
value increases (or decreases) by an additional mixing stage.

Proposition 2. Let 721 and 77, be mixture entropy preferences with representations Uy
and Uy and parameters r1, g1 and ry, qa, respectively. Then the following statements are
equivalent.

1. 771 yields a higher value of mixing than ;.
2. 1 < 1.

Proof. Write a = ad & (1 —a)d, c = yd ® (1 —v)d, and b = Bc® (1 — B)c. For
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ue 0,1 and r > 0 let

the latter being the entropy of Rényi (1961). For r # 1, (1) gives H, = (1 —T,)/(r —
1). Applying (1) to a, to ¢, and then to b, and collecting terms,

U(a) ) = (- (- (@) HEEDZ I,
where at ¥ = 1 the second factor equals Hy(a) — Hy(B) — H1(7), its limit. The
second factor has the sign of R,(«) — R,(B) — R(y): forr #1, (1 —7)(R,(a) —
Ri(B) — Re(v)) = InTy(a) — In(T:(B)T;(7y)) has the sign of T;(a) — T,(B) T;(7).
By Proposition 1, the first factor is strictly positive at every d at which 77 exhibits a
positive value of mixing. At such d, therefore,

azb <= Re(a) >R (B)+Re(7) (6)

The proposition thus compares the Rényi entropies of two-point distributions

across orders. The comparison rests on the following lemma.
Lemma 6. Let 0 < r < s. Then R, and Ry are continuous and strictly increasing on
[0,1/2], with R,(0) = Rs(0) = 0and R,(1/2) = Rs(1/2) =In2, and

® =Rs0R,;1:[0,In2] — [0,In2]

is strictly convex.

Proof. Continuity and strict monotonicity of R, and R on [0,1/2], and with them
the endpoint values, are immediate, so ® is a continuous increasing bijection of
[0,1In2]. We prove convexity.

Throughout, u > 0 denotes the order of the entropy and ¢(t) = In(1 +¢'). For
a €(0,1/2] let £ =In((1—a)/a) € [0,00) be the log odds, so that & = 1/(1 +¢")
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and T, (a) = (1+¢*) /(1 +e")*. Taking logarithms and differentiating,

1-u)t _ 1

_ (
Ry (a) = p(ul) —ug(f) _dR, au e )

1—u ’ Al 1+e  1-u '
where for u = 1 both expressions are the limits as u — 1; in particular the last
quotient then equals /. Both factors on the right are strictly positive for ¢ > 0.

We first show that convexity of ©® depends on the comparative slopes of Rs and
R;: by the chain rule,

_ dR,/de

O'(Ry(n)) = AR, b

As R, () increases over (0,In2), ¢ decreases over (0,0), so © is strictly convex if
the ratio on the right is strictly decreasing in ¢. Taking logarithms, it suffices that
for every fixed ¢ > 0,

0 dR,\ . . ..
Y] 1n<—W> is strictly decreasing in u. (8)

It remains to verify (8). Differentiating the logarithm of the right-hand side of (7)

in /,

sin(= ) = S+ s -0 — g0 + o],

where g(w) = w/(e¥ — 1) with ¢(0) = 1, using x/(e* +1) = x/ sinhx — g(x). The
first term does not depend on u. In the bracket substitute x = uf, which is strictly
increasing in u, so that it reads [ g(x — ¢) — g(x)] + x/ sinh x. We now show that
both terms inside the bracket are strictly decreasing in x > 0 and thus u. The
function g is strictly convex on R: g(w) = (w/2) coth(w/2) —w/2, and z cothz
has second derivative 2(z cothz — 1)/ sinh? z, which is strictly positive because
|tanhz| < |z| for z # 0 and tends to 2/3 as z — 0. Hence ¢'(x — ¢) < ¢/(x) for
fixed £ > 0, so g(x — ¢) — g(x) is strictly decreasing in x. Finally, the derivative
of x/ sinh x is cosh x (tanh x — x)/ sinh? x < 0 for x > 0. So the bracket is strictly
decreasing in u, which proves (8). O

We now prove the proposition. Fix d at which both preferences exhibit a
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positive value of mixing. By (6), statement 1 says that for all «, 8,y € [0,1/2),

R7’1 (‘X) > er (ﬁ) + er (’)’) = Ri’z (0‘) > er (;B) + er(’)’)- (9)

If r1 = ry this is trivially true, so let r; # r, and let ® = R, o Rr_ll, which by
Lemma 6, applied with {r,s} = {r1,72}, is a strictly increasing bijection of [0, In 2]
with ©(0) = 0. Substituting x = R,,(B), ¥ = R, (), and z = R,, («), which range
over [0,In2), (9) reads: z > x +y implies O(z) > O(x) + O(y). Because O is
increasing, this holds for all such x,y, z if and only if

O(x+y) > 0O(x)+0O(y) for all x,y > 0 with x +y < In2. (10)

Indeed, given (10) and z > x +y, O(z) > O(x +y) > O(x) + O(y); conversely,
takez = x +v.

If x = 0or y = 0, (10) holds with equality, so fix x,y > 0 with x +y < In2.
Writing x as the convex combination of x 4+ y and 0 with weights x/(x + y)
and y/(x +y), y as the one with weights y/(x + y) and x/(x +y), and using
©(0) = 0, strict convexity of ® gives O(x) < xO(x+y)/(x+y) and O(y) <
yO(x+y)/(x+y), and adding the two yields O(x) + O(y) < O(x + y); strict
concavity of O gives the same inequalities reversed. If r; < 1, then O is strictly
convex by Lemma 6, so (10) holds and statement 1 follows. If r; > r;, then ®
is the inverse of R;, o R,‘zl, which is strictly increasing and strictly convex by the
lemma, so © is strictly concave and (10) fails for every x,y > 0; hence statement 1
fails. [

In the main text we mentioned that the magnitude of the parameter g only
matters for preference if there are at least two outcomes with a strict preference.
We make this precise in the following remark:

Remark 3. If 8 is generated from finite procedural mixtures of members of a set
X and for all x,y € X, U'(x) = U'(y), and U?(x) = U?(y) then U'! and U?
represent the same relation if and only if the signs of U!(x)(r! — 1) — ¢! and
U?(x)(r* — 1) — g? are identical and r! = 72,

It follows from this remark that the magnitude of the parameter g4 only matters
in comparison to a cardinal value of outcomes. If there do not exist outcomes

x > y, then by the uniqueness properties of the representation we can find an
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affine transformation of U such that the valuation of any existing outcomes is
equal to zero. Any subsequent multiplication of g4 by a positive factor results in
an increasing linear transformation of U (which does not change the represented
relation).

We now provide additional results that require the existence of nontrivial
preference on a set of consequences, i.e., elements of 8 that cannot be written in the
form pa @ (1 — p)b with y € (0,1). Let X be a set of consequences. The following
definitions are the standard definitions of certainty equivalents and comparative

risk aversion for mixture sets adjusted to the procedural mixture setting.

Definition 7 (Certainty Equivalent). The certainty equivalent ¢ = ce(ax & (1 —
a)y) € X of a procedural mixture of outcomes x and y is an outcome that satisfies
ax® (1 —a)y ~acd (1 —a)c.

Definition 8 (Comparative Risk Aversion). 771 is at least as risk averse as 77 if for
all € (0,1) and all x,y,z € X, we have that

ax @ (1—a)y Z10z® (1 —a)z
= ax®(1—a)y Toazd (1 —a)z

With these definitions, the standard comparative risk aversion result for deci-
sions under risk extends to the procedural case:

Proposition 3. Let 221 and 7, be mixture entropy preferences with representations Uy
and Uy and parameters rq, q1 and ry, qa, respectively. Let U1 (X) and Uy (X) be convex
sets. Suppose -1 and 775 coincide on X and there exist some x,y € X such that x =1 y.
Then the following statements are equivalent.

1. 71 is at least as risk averse as 7.
2. The restriction of U; to X is a concave monotone transformation of Uy and rq = ry.

Proof. < is immediate; we prove =. Since the preferences coincide on outcomes,
utilities over outcomes must be continuous monotone transformations of one
another, i.e., U; = T o U, when restricted to X.

Since the values of outcomes are a convex set, for every x,y € X such that
x > y we can find z such that z = ce;(1/2x & 1/2y). Notice that by the definition
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of a certainty equivalent we have Uy (x)/2 + Uj(y)/2 = Uj(z). If T is not concave,
then for some such x and y, U (x) + Ua(y) = T 1(Uy(x))/2+ T (Ui (y))/2 <
T-1(Uy(z)) = Uy(z). But then 1/2x ®1/2y =1 1/2z®1/2z but 1/2x ®1/2y <o
1/2z & 1/2z, contradicting that 777 is at least as risk averse as ;Z;. We have thus
established that T is concave.

Notice now that if r1 # rp, then p1(a) = a"t /(a1 + (1 —a)") # a2/ (a"2 +
(1—a)?) = pa(a). Without loss of generality, assume that pq(a) > po(a)
for « > 1/2. Since T is monotone and continuous, it is differentiable almost
everywhere. Without loss of generality, assume T is differentiable at U,(x)
and Uy(x) = Uj(x) and 9T (Uy(x))/0U = 1. Then we can find outcomes
x" = x > x” such that p1(a)T(Ua(x")) + (1 — p1(a))T(Ua(x")) > Ua(x) >
p2(a)Up(x") 4+ (1 — pa(a))Ua(x") contradicting that 777 is at least as risk averse as
22 u

Mixture entropy preferences that are equally risk averse can be compared by
the weight they place on the value of consequences relative to the value of mixing.

Definition 9 (Comparative Consequentialism). /7, is at least as consequentialist as
1 if for all « € (0,1) and all x,y € X, we have that

ax @ (1 —a)x 7oy
= ax®(l—a)x 1y (11)

Proposition 4. Let 771 and 7, be equally risk averse mixture entropy preferences with
representations Uy and Uy and parameters r1, g1 and ry, gy, respectively. Let Uy (X) and
U, (X) be convex sets. Suppose there exist some x,y € X such that x =1 y. Then the
following statements are equivalent.

1. 7p is at least as consequentialist as 771.

2. There exist s € R~ and t € R such that Uy(x) = sUy(x) + ¢ for all x € X and
sq1+t(r1 —1) > g2

Proof. < is immediate; we prove =. If 2~; and 7, are equally risk averse, then
r1 = rp = r and Uy is an affine transformation of U, on outcomes. Assume for the
moment that U; = U, on outcomes. Notice that since H,(a) > 0 for all r and all

«, (11) holds if and only if g1 > g. In general U, = sU; + t on outcomes, and by
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the uniqueness properties of U the representation of 7Z; written on the scale of U,
carries the parameter sq; + t(r — 1). Comparing that parameter with g, gives the
desired result. O

This provides a link between the parameters of our representation and the
intensity of the value of mixing relative to the value of consequences. Notice that
this comparison is only meaningful when r; = r, and the values of consequences

are cardinally comparable.

PROOF OF THEOREM 2

Proof. We follow the same proof structure as the proof of Theorem 1. Wherever
the exact same lemma applies, we will avoid restating it.

Lemma 1 directly applies because it holds both for procedural mixture sets
and mixture sets.

The proof of coseparability differs for disjoint mixtures:

Lemma 7. Let A, B, C be mutually disjoint, essential components of the support. 72* is
coseparable on disjoint components: for any y, ji € (0,1), elements a,a’, a,a’ with support

in Aand b,b',b,b" with support in B, the conditions
ua® (1 — )b~ pad (1— )b
pa' & (1—p)b~ pa' & (1 — )b (12)
pa® (1— b’ ~pae (1—p)b’

jointly imply pa’ ® (1 — u)b’ ~ pa’ ® (1 —p)b'.

Proof. Let C be a third essential component disjoint from A and B, and fix ¢ with
supp(c) C C. For sufficiently small #, by continuity of 7~ and essentiality of € we
can find ¢’ with supp(c¢’) C € such that

Npa® (1 —wb' e (1 —n)e~nylpa® (1—pble (1 —n)c. (13)

By (12) and disjoint independence (same ¢’ on both sides, disjoint from A U B):
Nlpa"© (1= bl ® (1 =n)c’ ~plpa’ & (L-mbl& (1 —y)c. (14)
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Define

1t ) P [l )

L=gu” 7 1-np
By associativity applied to both sides of (14):
(" @ (1= p)[gb® (1= §)c'] ~ (pn)d & (1 — ) [6b © (1 - 0)c].  (15)
By (13) and associativity:
(up)a ® (1= p)[G0" ® (1 = &)e] ~ (py)a @ (1= ) [gb ® (1= )c'].
By disjoint independence this latter equation is equivalent to:
(p)a’ © (1= p)[E0"© (1 = §)e] ~ (up)a’ & (1 = un)[Gb & (1= {)c']. (16)
Analogously:
(Am)a"® (1 — ) [66"® (1 = )c] ~ (py)a" @ (1 — ) [6b & (1 - 0)c'].  (17)
Combining (16), (15), and (17):
(p)a" @ (1= )0 & (1= g)c] ~ (p)a’ & (1 —fin) 66" @ (1 - O)c].
Reversing the associativity operation on both sides:
plpa’ @ (1=t} & (1 —n)e~plpa’ © (1 - mb' ] (1-n)e.

By disjoint independence, ua’ @ (1 — )b’ ~ aa’ @ (1 — i)b’ as desired. O

Lemma 8. Let A, B, C be mutually disjoint, essential components of the support. Then 7Z*
can be represented by continuous U, F such that for all u € [0,1], all a with supp(a) C A
and all b with supp(b) C B,

U(pa® (1 —p)b) = F(a,u) + F(b,1—p),

where F is continuous in the mixture weight on [0,1] and, for every x with support in A
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orin B,
F(x,0) =0 and F(x,1)=U(x). (18)

Proof. For the representation of i € (0,1) the proof is identical to that of Lemma 3
with one change: X is the subset of the mixture set restricted to a support within A
and Y is the subset of the mixture set restricted to a support within B. All mixture
properties and associativity are inherited by these subsets.

F(a, ) is determined only up to addition of a term ¢(p) for any function ¢
satisfying ¢ (u) + (1 — u) = 0. Choose some ay with supp(ay) C A and redefine
F by addition of:

(u) = F(ao, 1 — p) — pU(pao ® (1 — p)aog)

which guarantees that limy, .o F(ao, #) = 0. Since

F(a,p) = U(pa® (1 —p)b) — U(pao ® (1 — u)b) + F(ao, 1),

lim, o F(a, u) = 0 and lim,,_,1 F(a, ) = U(a) and we can thus extend the additive
representation to u € {0,1}. O

Lemma 9. Let A, B, C be mutually disjoint, essential components of the support. There
are functions A and B with F(a, ) = A(u)U(a) + B(u) for all y and all a with support
in a single essential component.

Proof. Let a, b, ¢ have support in A, B, C, three mutually disjoint essential com-
ponents. Disjoint independence implies separability of preferences over a,b,c
when holding fixed the mixture weights u, A. Together with essentiality of each
component and connectedness, the additive representation theorem of Wakker
(1989) yields continuous functions f(-, 1, A), §(-,u,A), h(-, 1, A) and k(-, i, A), the
last strictly increasing in its first argument, such that

UApa® (1 —pu)b) & (1 —A)c) =k(f(a,u, A) +3(b,u, A) +h(c, 1, A), u,A)19)

The rest of the argument is analogous to that of Lemma 4, with each ingredi-

ent replaced by its disjoint counterpart: disjoint independence takes the role of
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Axiom 3, Lemma 8 takes the role of Lemma 3, and (18) takes the role of (4). [

We now finish the proof. Define H(y) = B(u) + B(1 — u), so that H(u) =
H(1 — p). Substituting the affine form of Lemma g into the quasi-separable
representation, Lemma 5 gives A(u) = u". Using associativity as in the procedural

mixture case then yields the functional equation

NH(p) + H(A) = (1— Ay)’H(/\l(l_—_)\g)) + H(\p).

Substituting A =1 — x and Ay = y and using H(x) = H(1 — x):

(1- x)fH(L> Y H(x) = (1 y)rH(ﬁ> +H(y)

1—x

with two types of solutions (Ebanks et al., 1987):

A(p)=w; H(p) = —(plnp+ 1 —p)In(l—p))j+s
Aw)=u" Hp)=—-@p+1—-n)" —1)j+s

where §,s € R. The functional equation is solved on the interior of the simplex,
where substituting a solution of this form leaves s [(1 — x)" — (1 — y)"] = 0 once the
terms not involving s cancel, and hence forces s = 0; Axiom 2 and connectedness of
the mixture set then extend s = 0 to the boundary. Writing g = § when r = 1 and
q = (r — 1) when r # 1, we have therefore obtained the desired representation
for all a, b with supp(a) C A and supp(b) C B:

U(pa @ (1 —p)b) =p"U(a) + (1 —p)"U(b) +q - Hr(p)

, —plnp—(1—p)In(l—p), r=1
with Hy(p) = {1yr(1y)r
r—1 4 r 7& 1

(20)

Substituting the solutions for H(u) = B(u) + B(1 — u) and F(a, ) = p"U(a) into
(19) yields the desired representation for disjoint supports A, B, C.

Finally, we extend the representation to arbitrary disjoint supports. Let 2/, 2" C
Z be disjoint and let z/, 2" € M be elements with supp(z’) = Z' and supp(z”) = Z2".
We are trying to establish the functional form of U(uz’ @ (1 — u)z”) for u € (0,1).
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Since every superset of an essential set is essential, we may assume that A, B, and
C partition Z. By decomposability, z’ can be expressed as a mixture of elements a’,
b, ¢’ with supports A’ = Z'NA, B' =2Z'NB,and €' = Z' N C, and z” as a mixture
of elements a”, b”, ¢ with supports A” = 2" NA, B" =2"N3B,and " = 2" NE.

Any two of these elements whose supports lie in different components are
already covered by the representation obtained so far. It is sufficient to establish
the desired functional form for mixtures containing a’ and 4”. Commutativity
yields then the same result for t/,b”, ¢, ¢”.

Let b and c be some arbitrary elements with support in B and C respectively

and let y, A, v € (0,1). By (20) and an analogous result for supports A and C:

U(x') =U(pa" & (1—p)b) = p'U(a’) + (1 — p)"U(b) + qHr ()
Uy =UWa" ® (1= A)c) =A"U(a") + (1 —A)"U(c) + gHr(N).

Although x” and x” have disjoint supports A’ UB and A” U €, we cannot
use Lemma 8 to conclude a quasi-separable representation for this pair since
Lemma 7 requires a third essential component disjoint from both, which may not
be available. However, since the elements with support A’ UB and A” U € are
essential and preferences separable given a fixed v, it is straightforward to obtain
a representation U(vx’ & (1 —v)x”) = V(U(x"), U(x"),v). Using associativity, we

can rearrange the left-hand side and obtain

U(vx'® (1 -v)x") = (v(1— )" U(b) + (1 =v)(1 = A))"U(c) + G(d',a", v, 1, ),

where the remaining term G contains the utility of the mixture of 4’ and a”,
and the entropy of v(1 —u), (1 —v)(1 —A), and vu + (1 —v)A. It follows that
V', u",v) =u'¢(v)+u"p(v) + x(v) for functions ¢, i, x. It is then straightfor-
ward to determine ¢(v) =", ¢(v) = (1 —v)", and x(v) = qH,(v) by comparison
with the left-hand side.

Uniqueness follows as in the procedural mixture case: nontrivial preferences
yield an additively separable representation over a continuum, so U is unique
up to affine transformations, and the uniqueness properties of r and g follow

immediately. O]
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